S AETOL et
VE=PA IC E RESONANCES IN A CURVED

NOV 81 J D HUBAe J F DRAKE ED MASN-—ETC (W)

UNCLASSIFIED NRL=-MR=4668

HENRENEEREN

AD-Al08 360




‘—\—

e i

T
I .

22 s e







SECURITY CLASSIFICATION OF TriS PAGE /When Dete Entersd)

REPORT DOCUMENTATION PAGE BEFORE COMPLETING. FORM
REPORT NUMBER z covr ACC ESSIDN NOJ T ntc:»:am
NRL Memorandum Report 4668 j X éf//
4. TiTLE rend Subtitte) S TYPE OF REPORT & FPERIOD COVERED
PHYSICAL MECHANISM OF WAVE-PARTICLE Interim report on a continuing

RESONANCES IN A CURVED MAGNETIC FIELD NRL problem.

6. PERFORMING ORG. REPORY NUMBER

7. AUTHON(Ss) . 8. CONTRACT OR GAANT NUMBEN(s)
J.D. Huba and J.F. Drake* L ) EEOS *// / 0_2)
$. PERFORMING ORGANIZATION NAME AND AOONESS 10. M.lgc‘;l.AcotnLKE:E:JTTNPUu"o.J‘ECsY TASK
Naval Research Laboratory 61153N; RR0330¢R44;
Washington, DC 20375 47.0884.01 'P
1. CONTROLLING OF FICE NAME AND ADORESS 12. REPORT DATE
November 27, 1981
13. NUMBER OF PAGES
. MONITORING AGENCY NAME & AODRESS(/H o from C Hing Otfice) | V5. SECURITY CLASS. (of this report)
UNCLASSIFIED

1Se. DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

6. OVSTRIBUTION STATEMENT (of this Report) i .i
|

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the ebatract entered in Block 20, !t difterent from Report)

16. SUPPLEMENTARY NOTES

*Science Applications, Inc., McLean, Virginia 22102 (Permanent address: University of
Maryland, College Park, MD 20742).

This research was supported by the Office of Naval Research.

19. XEY WORDS (Continue on reverse side if necessary and identily by block number)

Wave-particle resonances

Inhomogeneous plasmas

Drift waves

lO.{W‘ACT {Continue on reverse eide if necessary and identity by Slock numbder)

The physical mechanism of wave-particle resonances in a curved magnetic field is
investigated. Specifically, the energy exchange p focess between a wave and,resonant
curvature drifting particles is discussed,(i.e., w ~ k * VJ where V{/ = vZ/R.Q is the
curgature 7 is the radjus of curvature of the magnetic field "and Q is the cyclotron
frequency). geneml expression for the wave damping/growth rate is derived based upon
physical arguments. The theory is applied to the lower-hybrid-drift instability and non-
linear consequences are discussed.

DD , 2%, 1473  soiion oF 1 nov esys Jn\aun
$/N 0102-014+ 6601

B e T T T Y Yy T T T TR T ey —
SECURITY CLASMFICATION OF THIS PAGE (When Date Bnterse)

e 'J &

[




CONTENTS

L INTRODUCTION ....otonteneensaneanenennannennenennenns
Il PHYSICAL DESCRIPTION OF THE WAVE-PARTICLE

RESONANCE ...« ventetteneansanensanneneanennennennenss

Il PHYSICAL DERIVATION OF THE WAVE
DAMPING/GROWTH RATE .. .....vnreneeneannnnenennnnss
IV. DISCUSSION .. ..eoutontentnetannensenseneanenennanennes
ACKNOWLEDGMENTS . ... .\ enetenaasansenenenenenneneneanns
REFERENCES .................. P S ST o

@ecqsg;on For-
[ NTIS GRARI jZ
0

DTIC TAB
Unannounced O
Justification ____ ___ }
By.
| Distribution/ ]

Availability Codos'
{Avail and/or
Dist Special

o

e m————




PHYSICAL MECHANISM OF WAVE-PARTICLE RESONANCES
IN A CURVED MAGNETIC FIELD

I. INTRODUCTION
One of the most important phenomena in plasma physics is the

1 These resonances allow collisionless

wave-particle resonance.
plasmas to undergo irreversible processes such as energy and
momentum exchange, and are crucial to such diverse phenomena as
RF heating of lahoratory plasmas,2 isatope separation3 and anoma-
lous transport of particles, momenta and energies across boundary

4 The classic work of Landau demonstrated that in an

layers.
unmapnetized collisionless plasma, an electron plasma wave is
damped by electrons that are in resonance with the wave; those
particles which have a velocity such that w ~ kv A oIn
magnetized plasmas, Landau resonances can also occur

when k’ = k*B/B , the component of the wave vector parallel to
1 with © the

cyclotron freauency and n an integer). On the other hand, flute ]

the magnetic field B, is non-zero (for w ~ nR - kv

modes with k“ = 0 are important in a number of vohysical
vhenomena, including plasma instabilities and radio frequency
heating. TIf the confining magnetic field is inhomogeneous, a
cross-field, wave-particle resonance can occur for particles

undergoing a magnetic drift, i.e., w ~ E.!B where V., may bYe due

to the spatial inhomogeneity of the magnetic field ?VB drift)
and/or to the curvature of the magnetic field (curvature
Arift). These drifts are described as follows.

In an inhomogeneous magnetic field, the two important magne-

tic drifts that can exist® are the VB drift

v i vi (B x 9)B (0
~VB 20 T2
and the curvature Arift
vi R x (R« 9)B 3
Io "8 —7 2)

where Q? = eB3/mc is the evclotron freauency. If hoth types of

Manuscript submitted September 21, 1981.




drifts exist and the magnetic field is produced by an external
source (so that there are no plasma currents) then the total
drift is given Yy

B x V)B

ARSI T I
QB

(3)

Two salient features of V, are the following. First, VU, is a

microscopic drift so that individual particles acutally undergo a

f « It is this proverty that

allows a wave-narticle resonance to occur; unlike diamagnetic

drift provortional to vi and/or v
drifts (due to Vn or 7T) which are macroscopic Arifts.

Second, XB is charge dependent so that electrons and ions drift
in opposite directions. This implies that only one species of
particles can he resonant with a given wave. Recently, we have
investigated the physical processes underlying the wave-particle
).6,7

resonance due to a YB drift (w ~ keV In this paper we

VR
complete our study of magnetic drift resonances by focussing on
curvature drift resonances (w ~ E'zc)' Of course, hoth drifts
exist in many plasmas of interest but we will ignore the VB drift

for pedagogical purposes.

The curvature drift can be viewed as arising from the
centrifusal force acting on the particle in its rest frame.8
This is shown in Fig. 1. HWere, B = Bx(z) e z* Fop 18 the
centripetal force acting on the particle as it follows the curved
field line and Fop = -Fcn is the centrifugal force felt by the

varticle in its rest frame. We restrict our attention to the xy

+ B e
z

vlane and take

B comm—— = - \

where Rc is the radius of curvature of the field at the origin.
"he curvature drift can then he written as




so that ions (+e) drift in the +y-direction and electrons (-e)
drift in the ~y-direction as shown in Pig. 1. ¥rom Bq. (5) it is
clear that a wave travelling in the +y-direction can bhe in phase

with ions if w ~ kyvir/RcQ where v is the parallel velocity

r

necessary for resonance. Also, since Vc depends upon v2 hoth

+v and -v

- particles can be in resonance.

Ir
We point out that in some previous treatments of the
curvature dArift, the centrifugal force Fcf.is revlaced by a
sravitational force such that g = -2T/ch e, fagain, we restrict
our atténtion to Ehe xy plane).q’10 The curvature drift then

hecomes !c = g/Q ey. For this representation of V wvave-

'
varticle resonances cannot occur and only the non-:esonant
hehavior of the particles Aue to Vc is considered. - "hat is, all
of the vparticles are drifting at V,. Thus, by simply
considerine Zc = 2/0 ;y’ vpotentially important wave-varticle

resonances are neglected.

The ourpose of this paper is to discuss the physical
nmechanism of wave-particle resonances in a curved magnetic
field. The scheme of the paper is as follows. In the next
section we present a discussion of the energy exchange process
that occurs in this type of resonance. In Section III we present
a derivation of the damping/growth rate due to this resonance
based upon the physical arguments set forth in Section II. 1In
the final section we discuss an application of this work to the
lower-hybrid-drift instability and nonlinear effects.

el




II. PHYSICAL DESCRIPTION OF THRE WAVE-PARTICLF RESONANCE

Mo elucidate the energy exchange mechanism of wave-particle
resonances in a curved magnetic field we consider the following
simplified model. A slabd geometry is used with

R = Rx(z\ ;x + R ;z as shown in Fig. 1. The plasma is assumed
to be homogeneous. An electrostatic wave is imposed on the
system such that F = §F sin (ky - wt) ;y with o << 0

and kr, << 1 where Q is the cyclotron frequency and ry is the

L
mean particle Larmor radius. For this wave, which is propagating
in the +y-direction (see Fig. 2), only the positively charged
species can resonate with it so we limit our discussion to the

ions. Resonant ions satisfy the phase matching condition

2
w r V“ ( ‘
Vnh % Vc "Rra 6
- c
where V: is the curvature drift, Vi is the parallel velocity of t

the particle in resonance and Rc is the local radius of curvature
of the field. Note that in Fig. 2 we have translated our coordi-

nate system to the wave frame.

Resonant particles at y = y, see a constant electric
field B = §F ey and F x B dArift in the +x-direction with a

velocity &V, = ¢S%/B. Since these particles are moving in the

same direction as the centripetal force, the centrinetal force is
doing work on the particles and therefore is increasing their
varallel energy. Thus, these particles absorb energy from the
wave and cause damping. Alternatively, the increase in the
vparticle's parallel energy can be obtained from conservation of
angular momentum, L = v"R = const. As the particles move in the
+x-direction, ine radius of rotation decreases so

that vy increases to conserve L.

On the other hand, resonant.varticles at y = y, see a
constant electric field F = -4E ey and ® x B drift in the -x-
direction with a velocity GVE = ¢§?/R. Since these particles are
moving opprosite to the centripetal force, they must exvend energy

to overcome this force and hence, decrease their parallel




)/Fcp Af

Fig. 1 — Slab geometry used in the analysis with B = B, &, + B, ¢,. Here, F,, is the
centripetal force, F¢ is the centrifugal force and V , is the curvature drift of species
Q.

X




Fig. 2 — Electrostatic wave in a plasma containing a
curved magnetic field (wave frame)




energy. Thus, these particles loqe energy %to the wave and cause
wave growth. Again, this can be seen from conservation of L. As
varticles move in the -x-direction, the radius of rotation

increases so that vy decreases to conserve L.

Clearly, if there are an equal numher of particles at
position (1) and (2), then there is no net energy exchange
hetween the wave and the resonant particles. However, this is
not the situation in general as we now show. The key point is
that the number of resonant particles is locally proportional
to f(v“,x), the particle distribution function. As in the case
of Landau damping, unequal numbers of particles participate in
energy gain/loss transfer to the wave if Bf/avn # 0 {or, in this

case also 3f/3x # 0)., We now expand upon this point.

We consider resonant particles (vn = Vnr) at x = X, and at

some time to + At , i.e., f(xo,v“r,t°+At\. We ask the question,
where were these particles at an earlier time t = t°9 A portion
of these particles were at position (1) (x = x, - Ax, 7 = y1\

with a velocity v, = v - Avl- In a time A%, these particles

" hr
move a distance Ax and increase their velocity by Av“ to arrive
at x = x, and Ve T Ve ot Thus, these particles are described
hy ?(xo-Ax,v“r-Av",t03 and abosrb energy from the wave, i.e.,
lead to Adamping. The rest of the particles were at vosition
1S Ve + Avu .

time At these particles also move a distance Ax but decrease
et Thus,

r+Av",t°) and give

(2) (x = x, * Ax, y = y2) with a velocity v

In a

their velocity by Avn to arrive at x = X, and Vy =V

these particles are described by t‘(x°+Ax,vl
energy %o the wave, i.e., lead to growth. Thus, if

f(xo-Ax,v r-Av',to) > f(x°+Ax,v r+Avu,to\ then more particles

abrsord ene:gy from the wave thanlgive energy to the wave and wave
damoing results. Yegplectines any svatial dependence on ¢, i.e.,
no density or temperature gradients, this means that af/av” < 0
for wave damving, as in the Landau resonance. Alternatively,

if 3f/3v" > 0 then wave growth can result. ¥Tinally, we note
that resonance varticles exést at both Ve T Vin

and v, = - Vi since Vz ® vy o For asvmmetric particle

]




distribvution functions in vn this introduces a factor of 2 in the

damping/arowth rate (see Pig. 3).

Thus, energy transfer can occur in wave-particle resonances
due to magnetic tield curvature drifts because the wave electric
field cause particles to B x B drift in the same direction or
opvosite to the centripetal force acting on the particle as it
moves along the curved field line. Alternatively, the energy
transfer mechanism can be viewed as conservation of anpular
momentum, L = vﬂR. We now derive a svecific exvpression for the
Aamping/erowth rate due to a magnetic curvature drift-wave

resonance hased on this physical victure.

[T P

-

1

1 1 t >
vy —Avy o vy vty Vir—Avy vy, vty -V

e o e e
i s i e o e e e e i T T D Tl o e o . o

Fig. 3 — Particle distribution function indicating resonant parallel velocities. Here, |
V= Ve T Avy and vy ="V + Avy are the resonant velocities at position (1), and
vy = vy, + Avy and vy = — vy, — Av, are the resonant velocities at position (2). The
+ signs indicate that particles at position (1) gain energy, while the — signs at posi-
tion (2) indicate that the particles lose energy.




TII. PHYSICAL DERIVATION OF THE WAVE DAMPING/GROWTH RAT®

We calculate the damping/growth of the wave due to the
rarticle curvature drift resonance using energy conservation.

Total energy conservaton can be expessed as

f =0 (7)
) w

™Me
+

where XD and Ew are the particle and wave energy density, respec-
tively, and the dot indicates a time differentiation. The wave
enerey density contains bhoth the electrostatic field energy and
the sloshineg energy of the particles. Our method is similar to
that of Meade,11 who calculated the growth rate of the universal
Adrift instability.

The wave energy density of an electrostatic wave in a

lossless medium is given by

. . leml?
w 8w

lw 3D/3wl (8)

where D is the dielectric function. 4Assuming that the perturbdbed

£ield varies as exp (iwt) where w = w, *+ iy we obtain
. | sm 2
I.T Y —= lw 3D/3w] (o)

The change in energy of a single particle is given hy

AW = F « Ax = F_ Ax (10)
P ~ ~ x
where Fx = mvfr/Rc is the centripetal force actine on the
varticle locally at (x,z) = (0,0). We then obtain
2
mvy .
AW = Ax f11)
P R
c
Since the particle velocity is SEF = ¢cSE/R e, ve find that
mv2 céF
= — )
AWD Rc 3 At {12




or

. mvfr cér
= —_— 3
wp Rc R (13)

2
1

Yoting that V: = v r/RcQ' we rewrite Bq. (13) as

> r .
W= e SRV, (= j*E/n) (14)

so that the time rate of change of a single particle's energy is
related to its Joule heating since j

drift particles. From Eq. (14) we point out that for 6F > 0O the

particle gains energy while for 6% < O it loses energy.

= en!c for the curvature

The time rate of change of the total particle energy

density ib is found by calculating the change of energy of all

the resonént particles in a time At. We inteerate the

equilibrium distribution function over the rance Vip Av'r to A
Vi + Avnr where Avlr is the spread in vy for a particle to

remain in resonance with the wave. Making use of ®q. (14) we
find that

i o=

= esRVTE le(v, -8v, ,x =Ax) = flv_ _+Av,,x +Ax)]
? ? ¢ Ir ' "o 1’7o

tr

-Av, ,x_+ax)] ) Av f18)
] (o}

+ Tflay +Av ,x =A%) - £(-v
] (o} ir

hr ir

where Avu and Ax revresent the change in parallel velocity and
vosition in a time At, respectively, and the ¢ and v,
integrations have heen performed. In Bq. (15) we only consider a
density inhomogeneity since a temverature inhomogeneity is

usually only important for flute modes when kr, = 1 and we are

L
assuming k2r$ << 1. 9
4

From %q. (15) we note that the resonant particles in the

first bracket occur at vy = +v"r while those in the second
bracket occur at Vi ® Vap (see Pig. 3). Moreover, the particles
at (xo - 8x, v, - Av“\ and (xo - Ax, S T AVNV inecrease their

!
!




energy (+ sign in Fq. (15)) and particles

at (xo + Ax, Vv + Av') and (xo + Ax, -v - Avn) decrease their

r r
energy (- sign in Fa. (158)). We can rewrite Rq. (15) as

1 tr’"o
v (ay, 2L _ 5y 2f 1) av (16)
" av 3X’ =v_ _,X Ir
L] i o
Assuming f is symmetric in Vy o i.e.,
(af/avn)v = ~(3f/3vu)v (17)
hr ir
we finally ohtain
e £
t = —2e8RVT  Tay, 2L, a8 Av (1R)
D c | avn ix vnr,xo ir

so that the dependence of ip on the slope of the distrihution

function is evident.

We now compute Ax, Avl and Av"r as follows. The distance a
vparticle moves in a time At is simply Ax = 8V At = (c8E/B)At.
™he change is a particle's parallel energy is found from Wq. (12}
and the definition AW _ = A(mvi/Z). We find that

coF

—_— . a)
5 At (1

v
\

H

Av|| =

w'
(e}

™is can also bYe ohtained from the conservation of anseular
momentum, i.e., L = v“R = constant and using 3R/3t = -GVE.
Finally, Avnr is determined b®y noting that for a particle to

remain in resonance with a wave, we require

AV: < E%? (20)

"hat is, particles will only be in resonance {(w ~ kV:5 as long as

11




they 4o not move more than a half-wavelengsth in a time At.
Making use of the definition of V§ (Fq. (€)) we find that

QR
L [+]
Myr " 5 7, KAT (21)

Substituting Ax, Av, and Avlr into Fq. (1R), we arrive at

e wezw af Rc af
z = - 2 ra +  — _3_-]
P nk v, v, x v

|sR12 . (22)

14

ir’ o

The damping/growth rate due to the curvature drift resonance
is now found from Bgs. (7), (9) and (22). We find that

2
Y ™) R
C o 5 D raf . C af" Mo 3]')"-1 (23)
w k2 3VI vy Ix Ve X 3w
r’"o

where mi = 4wne2/m, 2 = eB/mc and we have normalized ¢

ton = n(x=x°). Thus, Fq. (23) is a general expression for the
damping/erowth rate, Yor of an electrostatic wave propagating
across a magnetic field due to a wave-particle resonance arisineg
from magnetic field curvature drifting particles. Interestinely,
for 3f/3x = 0, Bq. (23) is the same as for the Landau resonance

except for an additional factor of 2 due to the two resonances
13,14
at +v o
hr

12




IV. DNISCUSSION

A substantial amount of literature exists on the physics of
Landau wave-particle resonances ({i.e., w ~ k'vn),lz’13 yet there
is little discussion of cross-field, wave-particle resonances due
to magnetilc drifts. The two Iimportant cross-field magnetic
drifts are the VB drift and the magnetic curvature drift.

Recently, we have Iinvestigated the physics of the wave-particle

resonance for VB drifting partic1e5.6'7

In this paper we focus
our attention on the energy exchange between waves and resonant
curvature drifting particles (w ~ h-gc). The curvature drift can
be viewed as arising from the centrifugal force acting on the
particle in the particle’s rest frame. That is, Xc « ch x B
where Fcf = -mvﬁ/Rc and R, is the radius of curvature of the
field line. Curvature drifting particles, resonant with a wave,
see a constant electric field which causes them to F x B drift in
the same direction or opposite to the centripetal force acting on
them, depending on the phase of the wave. The particle’s energy i
then changes by an amount Awp = A(mvf/Z) = Fcpr

where Fcp = mvi/Rc is the centripetal force and Ax = (c8§E/B)At.,
NDepending on the relative number of particles absorbing energy
from or giving energy to the wave, which 1is a function of the

slope of the particle distribution function in v, and x space,

wave damping or growth can occur. Altetnatively: the energy
exchange process can be viewed in terms of conservation of
angular momentum, L = v"R = canst. The F x B drift of the
resonant particles causes the particles to move to smaller or
larger radii of rotation (R) depending on the phase of the

wave. Thus, v, increases or decreases accordingly in order to

conserve L. A“general equation for the damping/growth rate has
been derived based upon these physical arguments, Eg.(23). As an

. application of this theory we now consider the lower-hybrid-drift
wave instability.

The dielectric function for the lower-hybrid-drift mode 1is

glven byA

13




2 2

N 2w 1
D = 2% 4 B> (1 - kv, /uw) (24)
2 2 2 di
Q kv
e i
where vdi = (vf/ZQi) 3lnn/9x and we have assumed Te << Ti’
Vdi << A and mie >> Q: for simplicity. This mode propagates in

the direction of the ion diamagnetic drift. In writing Eq. (24)
we have ignored the ion Landau resonance to highlight the
curvature resonance. Since this instability requires vy > Qi’
the ions behave as unmagnetized particles and cannot participate
in the type of resonance discussed in this paper. On the other
hand, field line curvature does effect the ion equilibrium
drife.l% We choose the field line curvature to be such that an
electron-wave resonance can occur., The electron distribution

function is chosen to be

1l

where v2 = 2T /m_ and X = x - v /0 1s a constant of the
e e’ e y' e

motion. Expanding X about X, we obtain

2v
Af ! T
Ere S (26
\ Ve

where € = 3lnn/3x. VUsing Eqs. (23) and (26), we find that

Y T
c i 2 2

= vz/R R . If we define
e e’ ce
then Eq. (27) is consistent with the results of Rahal

where 7 = v”/ve - (m/kvce) and Vc
R = 1/¢

¢ ¥s

and Gary. For the curvature damping to be significant one
requires that 52 ~ 1 which places the following condition on
Rc. We take w/k ~ vdi so that we requi:i Vdi ~ Vce which leads
to Rc ~ 2Ln(Te/Ti) where Ln = (31nn/3x)

radius of curvature of the magnetic field lines has to be

= l/en. Thus, the

comparable to the scale length of the density gradient for the
electron curvature drift-wave resonance to be a significant
damping mechanism for the lower-hybrid-drift wave instabhility.

It should be noted that this electron-wave resonance always leads !

14 ‘




to damping. For the geometry shown in Fig. 1, we require ¢ < 0

a
for an electron-wave resonance to occur because !di = -Vdi ey;

from Eq. (27) it {is clear that €n ¢ 0 1leads to damping. On the

other hand, 1if € > 0, (which could conceivably lead to Y. > o),
no resonance can occur because then the wave and drifting
electrons are not moving in the same direction. In fact, this is

15

the situation considered by Rahal and Gary so that they did not

find any resonance damping.

Finally, we note that this resonance may lead to spatial
trapping of particles as in the case of the VB drift-wave
resonance. That 1is, as particles drift in the x-direction they
eventually lose resonance with the wave; they either drift faster
or slower than the wave. This can arise because v, changes, or
because R, and 2 are functions of x. The particles then "circle
around" and become resonant with the wave in 1its opposite )
phase. Thus, they drift in the opposite direction and become
trapped. However, it is unclear that such a process can occur J
since it requires Ttr <L Ty where Ttr is the spatial trapping
period and Ty is the bounce period in a curved field (e.g.,
mirroring period), which is probahly difficult to satisfy in most

plasmas of interest.
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